UNIT 2 :
Algebra

| Linear Inequations

(In one variable)

4.1 | Introduction :

If x and y are two quantities; then both of these quantities will satisfy any one of
the following four conditions (relations) :

ie either(i) x>y ({i)x2y (ii)x<yor(iv)x<y

Each of the four conditions, given above, is an inequation.

In the same way, each of the following also represents an inequation :
x<8, x25, x+4<3, x+8>4,etc.

4.2 | Linear Inequations In One Variable :

If a, b and c are real numbers, then each of the following is called a linear
inequation in one variable :

(i) ax + b > c. Read as : ax + b is greater than c.

(ii)) ax + b <c. Read as : ax + b is less than c.
(iii) ax + b 2 c. Read as : ax + b is greater than or equal to c.
(iv) ax + b <c. Read as : ax + b is less than or equal to c.

Inan inequation, the signs *>’, ‘<’, >’ and ‘<’ are called signs of inequality.

4.3 | Solving a Linear Inequation Algebrically :

To solve a given linear inequation means to find the value or values of the variable
used in it.
Thus; (i) to solve the inequation 3x + 5 > 8 means to find the variable x.

(i1) to solve the inequation 8 — 5y < 3 means to find the variable y and so on
The following working rules must be adopted for solving a given linear inequation :
Rule 1 : On transferring a positive term from one side of an inequation to its other
side, the sign of the term becomes negative. _
eg. x+3>7 =2x>7-3, S5x+4<15=5x<15 -4,

2324x+15 = 23-1524x and so on.
Rule 2 : On transferring a negative term from one side of an inequation to its other
side, the sign of the term becomes positive.
eg 2x-3>7 =22x>T7+3, Sx-4<15=5x<15+4,

2324x-15 =23+1524x and so on.



Rule 3 : If each term of an inequation be multiplied or divided by the same positive
number, the sign of inequality remains the same.

That is, if p is positive

@) x<y = px<py and
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Thus, x<6 = 4x<4x6,
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Rule 4 : If each term of an inequation be multiplied or divided by the same
negative number, the sign of inequality reverses.

That is, if p is negative
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(i) x2y = px<py and
Thus, x< 6 = —4x>-4x6,
' x>5 = -3x<-3x5
X
=3
Rule 5 : If sign of each term on both the sides of an inequation is changed, the
sign of inequality gets reversed.
ie. (i) —x>5&x<-5 (i) 3y<15&-3y=2-15

(iii) —2y<-7¢ 2y >7 and so on.

xzy = S:y—z and so on.

Rule 6 : If both the sides of an inequation are positive or both are negative, then
on taking their reciprocals, the sign of inequality reverses.

i.e. if x and y both are either positive or both are negative, then
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4.4 | Replacement Set and Solution Set :

The set, from which the value of the variable x is to be chosen, is called
replacement set and its subset, whose elements satisfy the given inequation, is called
solution set.

e.g. Let the given inequation be x < 3, if :

(i) the replacement set = N, the set of natural numbers,
the solution set = {1, 2}

(i) the replacement set = W, the set of whole numbers;
the solution set = {0, 1, 2}

(iii) the replacement set = Z or I, the set of integers,
the solution set = {............, =2, =1, 0, 1, 2}

But, if the replacement set is the set of real numbers, the solution set can only be
described in set-builder form, ie. {x : x € R and x < 3}.

If the replacement set is the set of natural numbers (N), find the solution set
-‘_:__ . of: ()3x+4<16 (i)8-x<4x-2. i

Solution :

(i) Ix+4<16 =5 3x <16-4 [Using rule 1]
=¥ 3Ix < 12
3 12
=b ?x <3 [Using rule 3]
Le. x <4

Since, the replacement set = N (set of natural numbers)

. Solution set = {1, 2, 3} Ans.
(i) 8-x<dx-2 =>-x-4x £-2-8 [Using rule 1]
= -5 <-10
-5 -10
— g [Using rule 4]
-5 -5
ie. x =2

Since, the replacement set = N
. Solution set = {2, 3, 4, 5, 6, ..cceoeren}

Alternative method :

§-x<4dx-2 = 4x-2 28-x [x £y and y 2 x mean the same]

= 4x+x 28+2 [Using rule 2]
= 5 2 10
= x 2 2 and xeN

.. Solution set = {2, 3, 4, 5, 6, ...ccceuveueee} Ans.



If the replacement set is the set of whole numbers (W), find the solution set
of : ()Bx+4<24 (ii) 4x - 2 < 2x + 10.

Solution :
() Sx+4<24 = 5x <24 -4

20 . -
= 5x £ 20 and xS*S—i.e.xS4
Since, the replacement set is the set of whole numbers
. Solution set = {0, 1, 2, 3, 4} Ans.
(i) 4x -2 <2x + 10 =3 4x - 2x <10 + 2

= " 2x <12 andx <6
Since, the replacement set = W(whole numbers)
. Solution set = {0, 1, 2, 3, 4, 5} Ans.

If the replacement set is the set of integers, (I or Z), between -6 and 8, find
the solution set of : (i) 6x - 129 + x (ii) 15 - 3x > x - 3.

Solution :
@ 6x-129+x = 6x —x 29+ 1
= 5 210 and x 2 2
Since, the replacement set is the set of integers between —6 and 8.
Solution set = {2, 3, 4, 5, 6, 7} Ans.
(i) 15-3x>x-3 = -3x-x>-3-15
= -4x >-18
= _Ti_x < :Lf [Using rule 4]
= x <45
Since, the replacement set is the set of integers between —6 and 8
*. Solution set = {-5, -4, -3, -2, -1, 0, 1, 2, 3, 4} Ans.
Alternative method :
15-3x>x-3 = x—-3 <15-3x
= x+3x <15+ 3
= 4x <18 and x <45
. Solution set = {-5, -4, -3, -2, -1, 0, 1, 2, 3, 4} Ans.

o If the replacement set is the set of real numbers (R), find the solution set
(i) 5 - 3x <11 (ii)8 + 3x 228 - 2x. e

Solution :
) 5-3x<11 = -3x<11-5




= -3x <6

6
= ~3 * =3
= x>=2

Since, the replacement set is the set of real numbers (R)

[Using rule 4]

Solution set = {x : x >~ 2 and x € R} Ans.
(i) 8 + 3x =28 - 2x = 3x+2x 228-8
=3 5 220 and x =24
Since, the replacement set is the set of real numbers
Solution set = {x : x 24 and x € R} Ans.
' X X : i :
e Solve : 5 5< i 4, where x is a positive odd integer.
Solution
X b o X X
—-5<—--4 = —— = <-4+5
2 3 2 3
3x—-2x
= xﬁ <1 = x<6
Since, x is a positive odd integer
Solution set = {1, 3, 5} Ans.
@ ‘Solve the following inequation : 2y - 3 <y + 1 <4y + 7; if :
{|) y € {Integers} (ii) y € R (real numbers)
Solution :
2y-3<y+1<4y+7 = 2y-3<y+1 and y+1<4y+7
B y<4 and -6 < 3y
=5 y < 4 and y 2 -2
= -2<y<4
(i) When y € {Integers}
Solution set = {-2, -1, 0, 1, 2, 3} Ans.
(ii) When y € R (real numbers)
Solution set = {y : —=2<y<4and y € R} Ans.




(EXERCISE 4(A) )

& =/
1. St.ate, true or false : (V) x - % < -;-—x (vi) 18< 3x-2
(ii; _;;; ;Sy : _i ; i3 5. Solve the inequation :
2y 7 3 -2x2x- 12 given that x € N.
@) 2xs-7 = — 27 6. If 25 — 4x < 16, find :
1 1 (i) the smallest value of x, when x is a real
(ivy 7>5 = :;‘ < g number,

. State, whether the following statements are true
or false.

(i) fa<b thena-c<b-c
(ii) fa> b, thena+c>b + ¢

(iii) If @ < b, then ac > bc

(v) If a > b, then = a2
C

vy Ifa-c>b-dithena+d>b+c
(vi) fa<b,andc>0,thena-c>b-c
where a, b, ¢ and d are real numbers and

(ii) the smallest value of x, when x is an

integer.
. If the replacement set is the set of real numbers,
solve :
(i) —4x=-16 (ii) 8-3x<20
x % x+3 x=3
i) 5+ —>—+9 (v
(i) ikl (iv) -

. Find the smallest value of x for which

5-2x< 5-;- - —ij. where x is an integer.

g 9. Find the largest value of x for which
' 2x-1)<9-xandxe W.
. If x € N, find the solution set of inequations.
@) Sx+3<2x+ 18 10. Solve tl;e inequation :
(i) 3x-2< 19 - 4x 12+lgx55+3xa.ndeR.
adk tk::er:eﬂla{cerflent set 15 the set of whole 11. Given x € {integers}, find the solution set
PATIDESSS od¥e. of : -5<2x-3<x+2.
) x+7<11 (i) 3x-1>8
12. Given x € {whole numbers}, find the solution
(iii) 8 —x > 5 (iv)7—312—% setof : — 1 €3 +4x < 23.
4.5 | Representation of the solution on the number line :

A real number line can be used to represent the solution set of an inequation.

The convention is that © (a hollow circle) marks the end of a range with a strict
inequality (i.e. < or >) and ® (a darkened circle) marks the end of a range involving an

equality as well (i.e. < or 2).

For Example .
The adjacent figure shows
x<2and x € R.
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included in the graph.

The number 2 is encircled and the circle is not darkened to show that 2 is not

If 2 is also included i.e. x < 2, then the
circle will be darkened and the graph will be as

shown alongside:
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Similarly, study each of the IOLOWINg careruuy : -

i) TI523 01235 ¢35 Gy TTEES 05 i
{x :x24 and x € R} {x : x<-3 and x € R}
iii) T+ e Wy R Q¥
(11) 5 4-3-2-101223 475 @) S54-3-2-1 0123 43¢5
{(x:-2<x<4and x € Z} {x: -2<x<4and x € R}
77T 1 T el —— >
\ 54-3-2-10123 465 M) “Fi527 012345
{(x:-3<x<3Axe W} {x:-3<x<3and x € R}
Ovil) T T T 5529 43 (viit) 4-'5-:1—:'3—’2:16'1'25357
{x:-1£x<4 Axe N} [x:=-1<x<4Axe R}

[Note: The symbol ‘A’ stands for ‘and’].

¢ e_R solve the following inequality and graph the solutlen_
1 -1<3+4x<23 '

Solution :

Given: -1 £3 +4x<23;xe R
= -1 £3+4x and 3 +4x < 23
= -4 £ 4x and 4x < 20
= -1 <x and x<35
= -1 £x<5xeR
Solution = {-1<x <5:x € R} Ans.

Solution on the number line is :

> Ans.

Solution :

The given inequation has two parts :

1l . x_41 * gk =1
~gs3-ly md 2 ~13 <%

1 1 X | x 1 4

—_ = —_ < = fora St A

= 3+13_2 | = 2<6+3
o X X e B
= 1< 3 | = 5 < %
| 9

= 2<x | = x<3x2
| = x <3



. On simplifying, the given inequation reduces to 2 < x < 3 and the required

graph on number line is : Ans.

+r—TTT T T T 0T
54 3-2-101 23 45

st the solution set of 50 - 3 (2x - 5) < 25, given that x € W.
ZiE _mso_ rehreaent the solution set obtained on a number line.
Solution :

S0-3(2x-5)<25= 50-6x+15<25
= —6x<25-65

= —6x<-40
-, —6x _ -40 Division by a negative numbe :"'if
=6 =0 reverses the sign of mequallty
= x>67
203
Required solution set = {7, 8, 9, ....ccceeeu.. } Ans.

And, the required number line is : ¢—————1—1—+1T 1 Tee—+p Ans.
-3-2-1 0 1 2345_6739

6| Combining Inequations :

.' ._d_.'.'g'ra_ph the solution set of 3x + 6 2 9 and -5x > -15; wheré X e R

Solution :

3x+629= 3x>29-6
=, AxE 3 =x21
And, - 5x > - 15 = ——‘_55"<-':15§=>x<3
Goh BB ES L T YT S

Graphforx<3: T o7 7071544 5
". Graph of solution set of x 21 and x < 3

= Graph of points common to both x > 1 and x < 3

= 5432-1012345 Ans.

nd graph the solution set of -2 < 2x - 6 or -2x + 5 > 13; where

Solution :

2<2x-6 = X-6>-2
= 2x>4 o e
-2x+5213 = 2x2>8
= x <-4



Graph for x >2: <+

Graph for x £ — 4 | €4 —T— T T TTT T
6-5-4-3-2-10 12 3 45 6

*. Graph of solution set of x >2 orx <-4
= Graph of points which belong to x > 2 or x < — 4 or both

_ — > Ans.
-2 =

|I4I | AU AR BN
-6 -5 -4 -3 3 45 6
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{12} Given:P = x:5<2x-1<11, x € R}
= Q={x:-1<3+4x<23,xel}
where R = {real numbers} and | = {integers).
Represent P and Q on two different number lines. Write down the elements of P n Q.

Solution :
For P : 5<2x-1<11, wherex e R
= 5<«2x-1 and 2x-1<11
= 3<x and x<6
ile. 3<x<6;xe R
. = *TrTT T T T T Or————oa>
P = 4 -3-2-1 0 12 3456 7 8
For Q : -1<3+4x<23, xel
= -1<3 + 4x and 3+ 4x<?23
= -1<x and x<5
ie. -1 £x <5; wherex e 1
"= 4 -3-2-10 12 345 6 78
Hence, P N Q = {elements common to both P and Q} = {4}. Ans.

13 Wnte down the range of values of x (x € R) for which both the mequatlons
._x>2and -1 < x £ 4 are true. 3,

Solution :
Both the given inequations are true in the range; where their graphs on the real
number lines overlap.

The graphs for the given inequalities are x>2
drawn alongside : T T T 7 T O
54 32101 23 45

It is clear from both the graphs that their
common range is 2 < x < 4.
‘. Required range is 2 <x < 4 Ans.

-1sx<4

For any two solution sets A and B :

{I) . Aand B = Intersection of sets A and B
= Set of elements common to set A and to set B
B s = AnB
et () A or B = Union of sets A and B

Set of elements which belong either set A and to set B
AUB ca




lines :

P=‘l$l 1] L ] L T I;I( |#
3-2-10 1 2 3 456 78 9

Q==| T T
-3 -2 -1 0 2 3 45 6 78 9

(i) Write down P and Q in set builder notation.

(i) Represent each of the following sets on different number lines :
(@ PuQ (b) PN Q (c) P-Q
(dQ-P € PnQ ) PnQ

@ The diagram, given below, represents two inequations P and Q on real number

Solution :

() P={x:-2<x<6andx e R} and,
Q={x:2<x<8andx e R}

(i) (@) PU Q

Numbers which belong to P or to Q or to both

v

"
== el

10 1 23 4
(b) P n Q = Numbers common to both P and Q

o
- 1T 1 1T T 71

T
3-2-10 1 2 3 4

T
9

@ @

™1
6 7

!\)4}
w -

T
-G

7>
6 7 8 9

o

(¢) P -~ Q = Numbers which belong to P but do not belong to Q

- T T T
3-2-10 123 456 7 8 9
(d) Q - P = Numbers which belong to Q but do not belong to P
= 3T diiiiteres
() P N Q" = Numbers which belong to P but do not belong to Q =P - Q
= 33T 01stitiisy

(f) P n Q = Numbers which do not belong to P but belong to Q = Q - P

4
o T

1
= -2

| AT | L . |
-10 1 2 3 45

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

@ Flnd three smallest consecutive whole numbers such that the difference
between one-fourth of the largest and one-fifth of the smallest is at least 3.

Solution :
Let the required whole numbers be x, x + 1 and x + 2.
According to the given statement :

_x s = 5x+10-4x >3
5 20

= x+ 10260 ie, x= 50

x+2
4

Since, the smallest value of x = 50 that satisfies the inequation x = 50.




Required smallest consecutive whole numbers are :

= x,x+1and x + 2
= 50,50+ 1and 50 + 2
= 50, 51 and 52

Ans.

(EXERCISE 4(8) }-

1. Represent the following inequalities on real
number lines :

i) 2x-1<5 (i) 3x+12-5
(i) 2 (2x-3)<6 (iv) 4 <x<4
v) 2<x<5 (vi) 82x>-3

(vil) -5 < x < -1
2. For each graph given alongside, write an
inequation taking x as the variable :
0 < ; o

54 -3-2-1 0123 4 5

(i1)
543210123 435
(iii) +—T—r—Tr—T—TT—O—T—T>
54-32-1012 345
(iv) < — Oy T —0>

54-32-10123465
3. For the following inequations, graph the
solution set on the real number line :
(i) 4<3x-1<38
(i) x-1<3-x<5

4. Represent the solution of each of the following
inequalities on the real number line:

() 4x-1>x+ 11
(i) 7-x<2 - 6x
(i) x+3<2x+9
(iv) 2-3x>7 - 5x
V) 1+x25x-11

2x+5
3

5. x € f{real numbers} and -1 < 3 — 2x < 7,
evaluate x and represent it on a number line.

6. List the elements of the solution set of the
inequation -3 < x -2 <9 -2x; x € N.

(vi) >3x-3

7. Find the range of values of x which satisfies

10.

11.

12.

13.

14.

15.

Graph these values of x on the number line.

[2007]
. Find the values of x, which satisfy the
inequation:
-2 < %‘ - % 51%,1& N.

Graph the solution on the number line.

. Given x € {real numbers}, find the range of

values of x for which -5 € 2x - 3 < x + 2
and represent it on a real number line.

If 5x -3 <5 + 3x € 4x + 2, express it as
a < x £ b and then state the values of a and b.

Solve the following inequation and graph the
solution set on the number line :

2x-3<x+2<3x+5xeR
Solve and graph the solution set of :
() 2x-9<7and3x+9<25 xe R
(i) 2x-9<7and 3x +9> 25, xe L
(i) x+524(x-1Dand3-2x<-7T;xe€ R
Solve and graph the solution set of :
(i) 3x-2>190r3-2x2-7,x€ R
(i) 5>p-1>2007<2p-1<17;pe R

The diagram represents two inequations A and
B on real number lines :

A ANKRUREARERRRR RN

5432101223 45

s O RN

5-4-3-2-101234F5

(i) Write down A and B in set builder
notation.

(ii) Represent A N B and A N B’ on two
different number lines.

Use real number line to find the range of

values of x for which :

() x>3and 0 <x<6.

(ii) x<Oand -3 <x<1.

(i) -1 <x<6and -2<x<3



16.

17.

18.

19.

20.

22.

23.

24,

Ilustrate the set {x : -3 < x <0 or x> 2
x € R} on a real number line.

Given A = {x : -1 < x £ 5, x € R} and
B={x:-4<x<3,xe R}

Represent on different number lines :
i)AnB (i)A'"NnB (iii)) A- B
P is the solution set of 7x — 2 > 4x + 1 and

Q is the solution set of 9x — 45 2 5 (x — 5);
where x € R. Represent :

() PAQ
(i) P-Q
(iii)) P n Q' on different number lines.

IfP={x:7x-4>5x+2 xe R} and
Q={x:x-1921-3x, x € R}; find the
range of set P N Q and represent it on a
number line.

Find the range of values of x, which
satisfy:

1 X 2 1
= 3 < 3 + 13 <Sg
Graph, in each of the following cases,
the values of x on the different real number
lines:
ixe W

(ii)xe Z (iii) x € R.

.Given :A={x:-8<5x+2<17, xe I}

B={x:-2<7+3x<17, x€ R}
Where R = {real numbers} and I = {integers}.

Represent A and B on two different number
lines. Write down the elements of A N B.

Solve the following inequation and
represent the solution set on the number line
2x-5<5x+4< 11, where x e 1. [2011]

Given that x € I, solve the inequation and

graph the solution on the number line :

x—4
2

3> + % > 2. [2004]

Given :
A={x:11x-5>7x+ 3, xe€ R} and
B={x:18x-9>15+ 12x, x € R}.

Find the range of set A N B and represent it
on a number line [2005]

. Find the set of values of x, satisfying :

X 5
Tx+3>3x-5 and 4 -5< 2 5

where x € N.

26.

27.

28.

29,

30.

31.

32.

33.

34.

35.

Solve :

(i) % +5< % + 6, where x is a positive

odd integer
2x+3 3x-1
3 T 4
even integer

(ii)

, where x is a positive

Solve the inequation :
—2-5— + 2x < %‘ g%+2x,xe W.
Graph the solution set on the number line.

Find three consecutive largest positive
integers such that the sum of one-third of
first, one-fourth of second and one-fifth of third
is at most 20.

Solve the given inequation and graph the solution
on the number line.

2y-3<y+1<4y+7,yeR [2008]

Solve the inequation :
-3 <z+3<5z~% zeR
Graph the solution set on the number line.

Solve the following inequation and represent the
solution set on the number line.

—3<—l—2<£,xER.

2 3 76
Solve the following inequation and represent the
solution set on the number line :

[2010]

3x -2< _—2+x,xeR

4x - 19 < 5 5

[2012]

Solve the following inequation, write the solution
set and represent it on the number line:

xx 41 1
) 13<6.xeR [2013]
Find the values of x, which satisfy the inequation
5 1 2
_23 < 2" —3£ <2, xe W. Graph the solution

[2014]

Solve the following inequation and write the
solution set : -
13x-5<15x+4<7x+12,xe R

Represent the solution on a real number line.
[2015]

set on the number line.




4.7 | Important :

1. If the product of two numbers is less than 0 (zero) i.e. product is negative; one of the two
numbers is positive and the other is negative.

2. If the product of two numbers is greater than O (zero) i.e. positive; both the numbers are posmvc
or both are negative.

. For( x-3) (x+5 <0

If (x — 3) is positive, then x + 5 is negative

and if x — 3 is negative, then x + 5 is positive

Case 1 : When (x — 3) is positive and (x + 5) is negative

ie. x-3>0 and x+5<0

= x>3 and x<-5

It is not possible, as number greater than 3 cannot be smaller than -5.
Case 2 : When (x — 3) is negative and (x + 5) is positive

ie. x-—3<0 and x+5>0

= x<3 and x> -5

= -5 < x < 3, which is possible.

If x € N, then : =5 < x < 3 on the number line is ; T e e ) N FD R e, . A o s
6-5-4-3-2-1012 3 4

If xe Z, then:—5.<x<3on the number line is : T T >

If x € R, then : =5 < x < 3 on the number line is : < ; s

For(x-3) (x+5 >0

If (x — 3) is negative, then (x + 5) is also negative
and, if (x — 3) is positive, then (x + 5) is also positive

Case 1 : x — 3 is negative and x + 5 is negative

ie. x-3<0 and x+5<0

= x<3 and x<-5

=5 x <=5 as the number smaller than -5 is less than 3 also.
Case 2 : x — 3 is positive and x + 5 is positive

ie. x—3>0 and x+5>0

= x>3 and x>-5

= x > 3 as the number greater than 3 is also greater than -5.

If x € R, then for (x — 3) (x + 5) > 0 the number line is :

X<-5 xX=3
T T T T T —r—rp
6-6-483-2-1012 34 5
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